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ON FRACTIONAL SCHRODINGER EQUATIONS IN SOBOLEV 

SPACES 


YOUNGHUN HONG AND YANNICK SIRE 


Abstract. Let a e (0,1) with a 7 ^ 4. We investigate the fractional nonlinear 
Schrodinger equation in 

id t u + (—A) a u + /i|u| p_1 u = 0, it(0) = u 0 e H s , 

where (—A) CT is the Fourier multiplier of symbol |£| 2<T , and /r = ±1. This model 
has been introduced by Laskin in quantum physics ILas02l . We establish local 
well-posedness and ill-posedness in Sobolev spaces for power-type nonlinearities. 


Contents 

1. Introduction 
Main results 

2. Strichartz Estimates 

3. Local Well-posedness 

3.1. Subcritical cases 

3.2. Scaling-critical cases 

4. Small Data Scattering 

5. Ill-posedness 
Acknowledgements 
References 


1 


5 

6 
E 

12 

13 

18 

18 


1. Introduction 

Let a e (0,1) with a ^ |. We consider the Cauchy problem for the fractional 
nonlinear Schrodinger equation 

id t u + (—A ) a u + = 0, u(0) = uq s H s , (NLS CT ) 

where n = +1 depending on the focusing or defocusing case. The operator (—A) CT is 
the so-called fractional laplacian, a Fourier multiplier of |£| 2cr . The fractional laplacian 
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is the infinitesimal generator of some Levy processes |Ber96j . A rather extensive study 
of the potential theoretic aspects of this operator can be found in [Lan72| . 

The previous equation is a fundamental equation of fractional quantum mechnics, 
a generalization of the standard quantum mechanics extending the Feynman path 
integral to Levy processes [Las Q2j. 

The purpose of the present paper is to develop a general well-posedness and ill- 
posedness theory in Sobolev spaces. The one-dimensional case has been treated in 
[CHKL14j for cubic nonlinearities, i.e. p = 3, and a e (|,1). ffere, we consider a 
higher-dimensional version and other types of nonlinear terms. We also include all 
a e (0,1) except a = furthermore, contrary to [CHKL14] where the use of Bourgain 
spaces was crucial (since the main goal of their paper was to derive well-posedness 
theory on the flat torus), we rely only on standard Strichartz estimates and functional 
inequalities in W l . In the case of Hartree-type nonlinearities, the local well-posedness 
and blow-up have been investigated in [CHH013] , 

In the present paper, we will not consider global aspects with large data. For that, 
we refer the reader to [GSWZ13 ] for a study of the energy-critical equation in the 
radial case, following the seminal work of Kenig and Merle [ KM08 . IKM06] . As a 
consequence, we do not consider blow-up phenomena, an aspect we will treat in a 
forthcoming work. 

We introduce two important exponents for our purposes: 

d 2a 

c 2 p- 1 

and 

1 — a 

s 9 ~ 2 

Here, s c is the scaling-critical regularity exponent in the following sense: for A > 0, 
the transformation 

keeps the equation invariant and one can expect local-wellposedness for s > s c , since 
the scaling leaves the H Sc norm invariant. On the other hand, s g is the critical 
regularity in the “pseudo”-Galilean invariance (see the proof of ill-posedness below). 
Under the flow of the equation (NLS CT ), the following quantities are conserved: 


M[u] 


u(t, x)\ 2 dx 



1 

2 


V| <T n(f, x )\ 2 + 


p + 1 


(mass), 


u(t, x)\ p+1 dx. 


(energy). 
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An important feature of the equation under study is a loss of derivatives for the 
Strichartz estimates as proved in [COXllj . Unless additional assumptions are met 
such as radiality as in [GW14j . one has a loss of d( 1 — er) derivatives in the dispersion 
(see (12 .1 [) ). This happens to be an issue in several arguments. 

Main results. The goal of this paper is to show that (NLS CT ) is locally well-posed 
in H s for s ^ max(s c , s g , 0), and it is ill-posed in H s for s s (s c ,0). We start with 
well-posedness results. 

Theorem 1.1 (Local well-posedness in subcritical cases). Let 


r S^ Sg 

when d = 1 and 2 ^ p < 5, 

< s> s c 

when d = 1 and p ^ 5, 

s s c 

when d ^ 2 and p ^ 3. 


Then, (NLS ff ) is locally well-posed in H s . 

Theorem 1.2 (Local well-posedness in critical cases). Suppose that 

{ p > 5 when d = 1, 
p > 3 when d ^ 2. 

Then, (NLS CT ) is locally well-posed in H Sc . 

The proof of Theorem 11.21 is based on a new method, improving on estimates in 
[CKS + 08] , This improvement, based on controlling the nonlinearity in a suitable 
space, is necessary due to the loss of derivatives in the Strichartz estimates. 

As a by-product, we also prove small data scattering. 

Theorem 1.3 (Small data scattering). Suppose that 

{ p > 5 when d = 1, 
p > 3 when d ^ 2. 

Then, there exists 6 > 0 such that if |it 0 ||.ffsc < 8, then u{t) scatters in H Sc . Precisely, 
there exist u+ e H Sc such that 

lim II u(t) — e^~ A)CT w+||_ffs c = 0. 
t —»+00 

Remark 1.4. Contrary to the case a A |, when cr = |, the fractional NLS does not 
have small data scattering. See [ KLR13j . 

Finally, our last theorem is the ill-posedness result. Note that our result is not opti¬ 
mal, since one should expect ill-posedness in H s up to s g = -Gp, which is nonnegative. 
We hope to come back to this issue in a forthcoming work. 
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Theorem 1.5 (Ill-posedness). Let d = 1,2 or 3 and a e (|,1). If p is not an odd 
integer, we further assume that p ^ k + 1, where k is an integer larger than |. Then, 
(NLS ct ) is ill-posed in H s for s e (s c , 0). 

An interesting feature of the previous ill-posedness result is the fact that, contrary 
to the standard NLS equation (<x = 1) there is no exact Galilean invariance. How¬ 
ever, one can introduce a new “pseudo-Galilean invariance” which is enough to our 
purposes. More precisely, for v e M d , we define the transformation 

Q v u(t,x) = e~ w ' x e lt ^" rT u(t, x — 2ta\v\ 2( ' cr ~ 1 ' > v). 

Note that when a = 1, Q v is simply a Galilean transformation, and that NLS is 
invariant under this transformation, that is, if u{t) solves NLS, so does Q v u{t). How¬ 
ever, when a y 1, (NLSo-) is not exactly symmetric with respect to pseudo-Galilean 
transformations. This opens the construction of solitons for (NLS CT ) which happen 
to be different from the ones constructed in the standard case a = 1. Indeed, if we 
search for exact solutions of the type 

u(t, x) = e it( M 2a -“ 2a ) e - iv - x Qu(x - 2ta\v\ 2 ^~ 1) v), (1.1) 

then the profile Q u solves the pseudo-differential equation 

V v Q u + u 2a Qu, - |Q W | P-1 Q W = 0, (1.2) 

where 

T v = e ™-*(- A) a e- iv - x - \v\ 2a - 2zcr|n| 2<T_2 n • V, (1.3) 

i.e., V v is a Fourier multiplier V v f(ff) = p v (£)f(£)i wiht symbol 

PviZ) = \Z-v\ 2 *- \v\ 2 ° + 2cr|n| 2cr_2 n • 0 (1.4) 

We plan to come back to this issue in future works. 


2. Strichartz Estimates 


In this section, we review Strichartz estimates for the linear fractional Schrodinger 
operators. We say that (q, r) is admissible if 

- + - = % 2^g,rs$oo, (q,r,d) # (2,oo,2). 
q r 2 

We define the Strichartz norm by 


u 


ss,M) : 


= |||V| -d(1-tr)( 3-7 ) 


u hp T wp r , 


where / = [0,T). Let -0 : —> [0,1] be a compactly supported smooth function 

such that 20622 VlY = 1? where 0 y(£) = V’(at)- For dyadic N e 2 Z , let P N be a 
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Littlewood-Paley projection, that is, Pv/(£) = Then, we define a slightly 

stronger Strichartz norm by 


\\u\ 


S S nM) 


2 iPjvdVl-* 1 -^ 


-7) 


u 


N g2 z 




1/2 


Proposition 2.1 (Strichartz estimates [COXllj ). For an admissible pair ( q,r), we 
have 


0 ii(-A)«C 


Mo||s| >r (j), ||e lt( A) Mob| r (/) ^ boll If 8 , 


f 

r 


3 i(t—s)(—A) e 


F{s)ds 




< l|F| 


J(t-s)(- A) CT 


F(s)ds 


Sj.rW 


< IIFI 




F teI m- 


Sketch of Proof. By the standard stationary phase estimate, one can show that 


| e it(—AJ'pii u 


►L°° 


< 


and by scaling, 


|e ft (-A rp; 


JV LUL® 


< jv d ( 1 -' 7 ) | 


( 2 . 1 ) 


Then, it follows from the argument of Keel-Tao [ KT98] that for any / 


J 


I e it(-Ay Fv (| V | - d ( 1 - <T ) (b 7) ^o) 1 
e i(t-.)(-Ar Pjv (| V |-d(i- ff )(i-i) F )( s ) ds 


< 


llPvMoll 




< \\PmF 


LtelWr 


N-T L 1 // s • 


Squaring the above inequalities and summing them over all dyadic numbers in 2 Z , we 
prove Strichartz estimates. □ 


The loss of derivatives is due to the Knapp phenomenon (see |GW14| ). However, in 
the radial case, one can overcome this loss as proved in IGW14| . restricting then the 
admissible powers of the fractional laplacian. Indeed, in |GW14j . this is proved that 
one has optimal Strichartz estimates if a e ( d/(2d — 1), 1). In particular, the number 
d/(2d — 1) is larger than 1/2 and there is a gap between the Strichartz estimates 
for the wave operator a = 1/2 and the one occuring for higher powers. This issue 
suggests that a new phenomenon might occur for this range of powers. 


3. Local Well-posedness 

We establish local well-posedness of the fractional NLS by the standard contrac¬ 
tion mapping argument based on Strichartz estimates. Due to loss of regularity in 
Strichartz estimates, our proof relies on the Lff bounds (see Lemma 3.2 and 3.3). 
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3.1. Subcritical cases. First, we consider the case that d = 1 and 2 ^ p < 5. In 
this case, the equation is scaling-subcritical in H s for s > s g , since s g > s c . We 
remark that in the proof, we control the L\ &1 Lff norm simply by Strichartz estimates 
(see (13.11) and (13.2D ). 

Proof of Theorem \ 1. 1\ when d = 1 and 2 p < 5. We define 

<h uo (n) := e lt< -~ A ^ u 0 + i/i f (| u |p^ 1 m )( s )^ s _ 

Jo 

Let 

IM* S := II“II L^H-nL^Lf, 

where / = [0,T). Then, applying the Id Strichartz estimates 


we get 


\e lt{ Ar u 0 \\ L 4 sl L«> £ ||Mo I 


H s 9 J 


\e lt<y ^ u 0 \ L ™ iH s < ||wok s , 


f 


D i(t—s)(—A) c 




F(s)ds 


F(s)ds 


L 4 L 00 

^telx 


Si II.FII r 1 n“3 


< \\F\ 




L \ e i H P 


H s • 
tel 11 * 


||^u 0 ( w )IU s ~ IM|h s + ||M P 1 u\\ l i i 

By the fractional chain rule 

|||V|‘F(u)||i. < |F , (u)||tPi|||V| s u||/,P2, 


(3,1) 


(3,2) 


(3,3) 


where s > 0 and - = — + 2- and Hdlder inequality, we obtain 
q pi P 2 ' ^ J ’ 


\u\ p 1 w|| i i H s < 
1 1 "-^tel 11 * 


\ U \ P 1 ||z,2p|k||ffi 


L h i 


. rpSy£ I, 1 

^ i 4 \\u n 


LtrL'pML'&iHS- 


For the fractional chain rule (13.3p . we refer jCW91j . for example. We remark that 
one can choose pi = oo in (13.31) . Indeed, this can be proved by a little modification 
of the last step in the proof of Proposition 3.1 in [ CW91 ]. Thus, we have 

5-p . 


|$«oHI|x. ^ II Mo Ik® +T 4 ||w| 


X s - 


Similarly, by Strichartz estimates, 


\\*M - $ uo (m)||x® ^ \\\u\ P 1 M- \v\ P 1 u||ri 
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Then, applying the fractional Leibniz rule and the fractional chain rule in jCWQlj , 
we get 


\u\ p l u — \v\ p 1 v\\h» = 


< 


< 


r 


-v)\ p - 

h 

u — 

v)dt 





H s 

-v)r 

h 

u — 

v)\\h 

sdt 

X 

)iiS 

1 u 

— V 

\m 


)r 1 i 

H s 

±J -X 

« - 

V\Lfdt 

)II5 1 

1 u 

— V 

\h& 



+ ||l! + t(u — v)\\ P L J\\v + t(u — u)|if|||w — v\\ L mdt 

< (Ml?? 1 + Ml%)\\ u - v \\hs 

+ (Mlz ,°° 2 + IMIl°o 2 )(|M|h| + ||n||^)||n — v\\ L oo. 


Thus, it follows that 




~ T 4 {(HI Lf eI L“ + H LteI L f ' 


\\u-v\\ L * lH * 


+ (Ml L^L* + + \\ V hf SI Hs)\\u - T|| L 4 6/L »} 


< T /(Hiy + ||n||^J||n - v\\ X ‘- 


tel 

- 


Choosing sufficiently small T > 0, we conclude that $ Uo is a contraction on a ball 

B := {u : ||m||x s ^ 2||u 0 ||tfs} 

equipped with the norm || • ||x s - □ 

Next, we will prove Theorem 11.11 when d = 1 and p ^ 5, or d ^ 2 and p ^ 3. In 
this case, we do not have a good control on the L® norm from Strichartz estimates. 
Instead, we make use of Sobolev embedding. 


Lemma 3.1 (L^/L® bound). Suppose that d = 1 and p ^ 5, or d ^ 2 and p ^ 3. 
Let s > s c . Then, we have 


(3.4) 


where (qoHo) = ((p ~ 1) + , ( d(p-i)- 4 ) ) an admissible pair. Here, we denote by c + 
a number larger than c but arbitrarily close to c, and similarly for c~. 
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Proof. We observe that 


1 

Thus, by Sobolev inequality, 


s-d(l-a)(l~±) 

d 


n 0+ ll„, I IIIV7l _(i ( 1_0 ')(| _ ^) 


Ml LfrWs? ^ T IMIl?° ~ IIM 


r ° 


\\u 5s m. 
11 11 «0> r 0 V ' 


□ 


We also employ a standard persistence of regularity argument. 

Lemma 3.2 (Persistence of regularity). Let l<g^oo ; l<r<oo and s\ ^ S 2 - 
Then, B = {u : \\u\\ L q i wp' r C R }> equipped with the norm || • \\ L q i wp’ r > a complete 
metric space. 


Proof. We recall: 


Theorem 3.3 (Theorem 1.2.5 in [ Caz03j ). Consider two Banach spaces X <—>■ Y and 
1 < p, q ^ 00. Let (f n )n^ 0 be a bouned sequence in L q [I, Y ) and let f : I —> Y be such 
that f n (t) f(t) in Y as n — > 00, for a.e. t e I. If (f n ) n ^0 bounded in L P (J; X ) 
and if X is reflexive, then f e L P (/;X) and ||/||lp(/ ; x) ^ liminf^oo \\f n \\Lp(i;X)- 

Suppose that (f n )n=i be a Cauchy sequence in B. Then, f n converges to / in 
L^ eI Wf 2,r . Moreover, it follows from Theorem 1.2.5 in [ Caz03 ] that 

|/IL« ,< liminf \\fn\\ L «wP’ r < R , 

tel x n—KX) tel 

and thus / e B. Therefore, we conclude that B is complete. □ 


Proof of Theorem \l.l\ when d = 1 and p ^ 5, or d ^ 2 and p ^ 3. Define the map <3> Mo 
as above, and let 


:= Lfl eI Hf n S£ >n ,(I), 


where (qo,r 0 ) is an admissible pair in Lemma 3.2. Then, by Strichartz estimates, the 
fractional chain rule and (13.41) . we get 


^ > m 0 ( m )IU s ^ II w o||h s + ||M P 1 u\\c 


H s 

tEl^x 


< ||u 0 |M» + HI^ L JMU§S,H£ 


|| Wo || H' 

< INM + T 0+ 


+ T 0+ ||n l|P_1 


\u\ 




X s > 
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and similarly 


I$uo0) - ^ \\\ U \ P lu ~ \v\ p 1 AlL t lI 

i\ p ~ l 

< (ll^- 1 


< \\(\u\ p 1 + \v\ p X )\u - v \\\ lLtL 2 


II rP' 1 rco 1^11 L p ~ 1 L 00 1 

^tel x ^tel x 


tel * 

U — v\\ rco r 2 


s r 0+ (|u|".^ o(r) + 

< r 0+ (||u||y, 1 + ||t'||^ 1 )||« - v\\ x °. 
Thus, for sufficiently small T > 0, <f> uo is contractive on a ball 

B : = {u \ ||u||x« ^ 2 ||u 0 ||r s } 

equipped with the norm || • ||xo, which is complete by Lemma [3.21 


(3.5) 


□ 


Remark 3.4. The standard persistence of regularity argument allows us to avoid 
derivatives in (13.51) . Indeed, for u e L>, ||(Vy'u|| ,-p-iroo is not necessarily bounded. 

^tel ^x 


3.2. Scaling-critical cases. In the scaling-critical case, we use the following lemma, 
which plays the same role as (13.4ft . We note that the norms in the lemma are defined 
via the Littlewood-Paley projection in order to overcome the failure of the Sobolev 
embedding W s,p ■—>■ L q , ^ ^ ~ % when q = go. Lemma 3.3 generalizes |CKS + 08 

Lemma 3.1]. 


Lemma 3.5 (Scaling-critical bound). 


H W ll|y oo (Lll U Hfc 2 (/) 


1 ~ i 


Mil: 


U\ 


2+,00 


o 2d 


-(i) 


\u 


IP-3 


(i) 


I IIP - ■3 

\ur~ 


S S c£M) 


when d = 1 and p > 5, 
when d = 2 and p > 3, 
when d ^ 3 and p > 3. 


(3.6) 


Proof. We will prove the lemma only when d ^ 3. By interpolation ||/||z,P 0 =% 
II/IIitoII/IIlpi 61 ’ = po + "rT 5 0 < Q < 1, it suffices to show the lemma for ratio¬ 
nal (p — 1) = — > 2 with gcd (m,n) = 1. First, we estimate 


A(t) ~ [Xj W P Nu(t)\\ L ^ 

L N 


m 

2 Y[\\ F>N i U ( t ^ L x- 

»= 1 


Observe from Bernstein’s inequality that 


l-Ljyu(t) Hi,® $ IV p 1 d Nl 

(3.7) 

\\P N u(t)\\ L oo < N^d' N , 

(3.8) 
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where 


d N = ||Pivu(t)|| . Sc _ (1 _ CT) , 2 d , d' N = \\P N u(t)\\jjsc. 
w x 


As a consequence, we have 

||iW*)IU» £ (N~^d N y (^N^df N y~° = N^W^Yid'j,) 1 - 9 , (3.9) 

where 6 = . Hence, applying (13.71) for i = 1, ■ ■ ■ , n and (13.91) for % = n + 1, ■ ■ ■ , m, 

we bound A{t) by 

s 2 (nN^)( f[ Nr^(d K ,)V Kl y~°' 

N^-^Nm i =i 

For an arbitrarily small e > 0, we let 


i=n +1 


^ / _/v iVV ~ ^ / TV YV 

d * = S min (tv 7 ’ iv) djv '> djv = 2 min (j\P’ at) 

N'e2 z N' s2 z 


Then, since d^v ^ d^ and d^. ^ (Ar) e d J v 1 and similarly for primes, A(t) is bounded 
by 

/jVi\ e 

r v — 1 / \ 


< 


2 . (n*r^(£)A)( n 


2=1 4 2=22+1 
Summing in iV m , N m _i ,..., _/V n+1 and using m — n = (p — 2)n, 

V—, /-A- - ct(p ~ 3) /jVi \ 6 ~ 

^)s s (nN'-‘(A d ". 

i= 1 1 

cr(p-3)(m-n) . AT . ( m-n)e 

r fc-Drc-21 / iV l \ 


x N n (p ~ 1)(p ~ 2) 

n 

^ N„ 




_2fc3) e 

p— 1 / \ 


2 (n^ ® ** 

Ni^ — ^N n i =1 1 

y(p-3)n , at x (p—2)ne 
p— 1 I -L \ 


x JV, 




and then summing in iV n , A+i,..., A, we obtain that 

u(o < 2( [ i Nl )" +( ”-” ) »(4 i ) ( ”-”)( 1 ^) = y;(rf Wl ) 2 “(4) 

Ni Ni 

which is, by Holder inequality and Young’s inequality, bounded by 


m—2n 




s Iidw) 2 "ii4i(4) m ' 2 ”i4 = ii4ig»i4ipr~ 2 -« 


« I4l|ll4l?^ 2 ” S lldjvlig l^l?- 2 ” = |M|?||<A 


AT 


. ,, Wf2 

N l N 
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Hr L ;- liQ0 < I m^dt = | A^dt 


< 




^ II II2 || ||p—3 


’ d—2 


11 


□ 


Proof of theorem ITTjj For simplicity, we assume that d 5= 3. Indeed, with little mod¬ 
ifications, we can prove the theorem when d = 1,2. We define as in the proof 

of Theorem 11.11 Then, by Strichartz estimates, the fractional chain rule and (13.61) . 
we have 


I (^0 II S Bc 2d (/) ^ II e * ' tt olls ,Sc 2d (I) + C o||| tt | P u \\ Ll eI H»c 

2 ’d=2 2 ’d=2 


^ e 




u o||s s c , 


'7T^2 


(I) + cill“lli3i if ll“ILs,H- c 




’ d — 2 




Similarly, one can show that 


^ > Mo( tt )llsj D c i2 (/) ^ cll^ollrcc + cIImH^c^ 

2 ’d=2 00 ■ 


up- 2 


and 


\®u 0 (u) - $«c»b° 2d (I) + !$«<,(«) - $uo( u ) Ils0 |2 (j) 




^ C odbll L&Lf + M P T . P -i T .Jh-v\\L% r Ll 


L p ~ l rco^ 
^tel x 


< c(M%c 2d ( 7 ) MIJ s {i) + M%c 2d ( 7 )bll|J( 7) y 

2 '7T^2 2 ’3^2 


\ U ~V\\ L cO jL 2 . 


Now we let <5 = 6(c, Iboll/pc) > 0 be a sufficiently small number to be chosen later, 
and then we pick T = T(n 0 ,5) > 0 such that 

|e*<-^' Uo | 


2 2d . 


<8, 


Define 


B = 


I u . ||n|| c^ sc ^ 2 $ and ^ 2c||nQ|| 77 sc 1 

(. 2i ^ co ,2 ) 


MU \\ u \\s °..(/) + IMIs° 2 co - 


9 2rf 


equipped with the norm 
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Then, for u e B, we have 


Il$«o0)lls s c + c{25) 2 (2c\\u 0 \\ H ‘c) p 2 < 25, 

o 2 a ^ ' 

ll $ «o( M )b^ 2 ( 7 ) < c\\ u o\\h»c + c(2h) 2 (2c||ti 0 ||^c) p_2 ^ 2c\\u q \\ H 'c. 

Choosing sufficiently small 5 > 0, we prove that $ uo maps B to itself. Similarly, one 
can show 


$V 0 (“) - $„(,(¥)||x < -\\u - v\\ x - 


Therefore, it follows that <f> Uo is a contraction mapping in B. 


□ 


Remark 3.6. (z) In the proofs, the Lff norm bounds are crucial for the following 
reason. In Proposition 12.11 there is a loss of regularity except the trivial ones, 


e n(-Ay 


“oil Lf eI Ll 


II Moll L2 


and 


Ah—Ay 


F(s)ds 


< ||F| 


T go r 2 
L teI L x 


L IeI L 1 ' 


Hence, when we estimate the L^H^. norm of the integral term in $ Uo (m), we are 
forced to use the trivial one 


Ill'll 

Indeed, otherwise, we have a higher regularity norm on the right hand side. Then, 
we cannot close the contraction mapping argument. Moreover, if ?i 0 e H s , there is no 
good bound for |e* t ( _A ) 0 ' Uo | I , except the trivial one (q,r) = (go, 2). Thus, we 
are forced to bound the right hand side of (3.10) by 


|p—i 


u\ 




(3.10) 


f 


Jt(- A) CT \ U \P - 1 


l u(s)ds 


L %i H i 


ll^ll rP - 1 r°° I 
^tel L x 


/«■> H s • 


Therefore, we should have a good control on |M| iP -i LQ0 . 

(ii) When p < 3, the L p t ~j Bf norm is scaling-supercritical. Thus, based on our 
method, the assumptions on p in Theorem 11.11 and 11.21 are optimal except p = 3 in 
the critical case. 


4. Small Data Scattering 


Proof of Theorem 11.31 For simplicity, we consider the case d 5= 3 only. It follows from 
the estimates in the proof of Theorem 11.21 that if ||iio||if s is small enough, then 


II“(^)IIl?“ 1 lsp + ll“( i )ll 


r oo ijSc 
^teR x 


< 


IK*)! 


2d V 
’3=7 


+ |«(t)||. 


< 


7 oo,2V 


INI 


H=c 


< OO. 
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By Strichartz estimates, the fractional chain rule and (13.6J) , we prove that 

-erii-by„ (TA _ p -iT 2 (-*)* u (t 2 )\\ HSc 


\e u(Ti) — e 

-t 2 


e "“ v ( \u\ p 1 u)(s)ds 


r p - 1 

JT! 

< ll«(t)||^x 


H s c 


i IIlift) II r oo tj s c — > 0 

LV t.[ Tl ,T 2 )^ K Jl ' L t e [ Tl ,T 2 ) H ^ 


as Ti,T 2 —> +oo. Thus, the limits 

u+ = lim e - l h- A ) CT u (t) 

t —> + 00 

exist in H Sc . Repeating the above estimates, we show that 

\\u(t) — e *h- A )' T u± \\h»c = || u(t) — u+\\h» 

as t —> + 00 . 


□ 


5. Ill-posedness 

We will prove Theorem 11.51 following the strategy in [ICCT03a] . Throughout this 
section, we assume that d = 1, 2 or 3 and | < a < 1. If p is not an odd integer, we 
further assume that p ^ k + 1, where k is the smallest integer greater than |. 

First, we construct an almost non-dispersive solution by small dispersion analysis. 

Lemma 5.1 (Small dispersion analysis). Given a Schwartz function fo, let <f^ u \t,x) 
be the solution to the fractional NLS 

id t u + z/ 2cr (— A) a u + = 0, n(0) = fo, (5.1) 

and 0( o )(t,x) be the solution to the ODE with no dispersion 

id t u + = 0 , -u(O) = fo, 

that is, 

(j) w (t,x) = f>o(x)e itu ^°^ P ~ 1 . (5.2) 

Then there exist C, c > 0 such that if 0 < u ^ c is sufficiently small, then 

|0M(t)-<H«»(t)|| ff , «CV 2 " (5.3) 

for all |t| ^ c\ log u\ c . 

Proof. The proof closely follows the proof of Lemma 2.1 in [ CCT03aj . □ 

Obviously, ctf v \t , ux) is a solution to (NLSo-). Moreover, vx) is bounded and 

almost flat in the following sense. 
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Corollary 5.2. Let (p^ v \ v and c be in Lemma \5. 1\ Let s 5= 0. Then, 

\\^ v \t,vx)\\ Lf ~ 1 (5.4) 

and 

(t, vx) ||jjs ~ ( c | log z/| c ) s (5.5) 

for all |f| ^ c\ \ogv\ c . 

Proof. Since k > |, by the Sobolev inequality, we have 

- <tr S) (t,vx)\\ Lf = H0 M ((,x) - ^ <0) (i.x)||i® 

S ||0 M (f) - 0 (o, (i)ll/f* S I' 2 ". 

Then, (15.41) follows from the explicit formula (15.2ft for (j)^°\t,x). It follows from (15.3ft 
and (15.21) that 

\\(f {v \t,px)\\ k s ^ v s ~HU i0) (t)\\H° + |0 M (*) -0 (O) WIIhO ~ v s -i{c\\ogv\ c ) s . 

□ 


For v e M d , we define the pseudo-Galilean transformation by 
g v u(t,x) = e~ iv - x S vl2a u(t,x- 2ta\v\ 2 ^~ l) v] 


Note that when a = 1, Q v is simply a Galilean transformation, and that NLS is 
invariant under this transformation, that is, if u{t) solves NLS, so does Q v u(t). How¬ 
ever, when a ^ 1, (NLS CT ) is not exactly symmetric with respect to pseudo-Galilean 
transformations. Indeed, if u(t) solves (NLSo-), then u(t) = Q v u{t ) obeys (NLSo-) with 
an error term 

id t u + (—A ) a u + (jj\u\ p ~ l u = e lt ^ 2a e~ w ' x (£u)(t, x — 2at\v\ 2( - lT ~ 1 ^ v), (5.6) 


where 

with 


£u(0 = E(£)u(t) 


E(£) = \£- v\ 2a - |£| 2ff - |^| 2CT + 2a\v\ 2{a ~ 1) v ■ f. 

However, we note that 

\m\ s i^i 2ct - (5.7) 

Indeed, if |£| < then 


m = 

Otherwise, 


2(7 ( | _U_ £ I 2(7 

FI FI I 


1 + 2a 


V_ . J_ 

FI FI 


)-ier|si«r{$+iersier. 


E(t) S Iff" + Iff" + Iff" + Iff" + 2 «r|ff"- 1 |{| < lei 2 ". 
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Therefore, one would expect an almost symmetry for an almost flat solution u(t), 
such as (j)^(t,ux) in Lemma [5.11 Precisely, we have the following lemma. 

Lemma 5.3 (Pseudo-Galilean transformation). Let (fr\ v and c be in Lemma \5. li 
For v e we define 

u(t,x ) = (e v <f> (u) (-,v))(t,x) = e^ v ‘ x e u ^<l>^(t,u(x-2ta\v\ 2 ^-%)), 
and let u[t , x ) be the solution to (NLSo-) with the same initial data 

0, ux) = e~ iv - x f) o (0, ux). (5.8) 

Then, there exists 5 > 0 such that 

II e' v ' x (u(t) - u(t))\\ H k < v 5 (5.9) 

for all |f| ^ c\ log u\ c . 

Remark 5.4. When p = 3, in | !CHKL14] the authors could use the counterexample 
in [CCT03b] . This counterexample is constructed by pseudo-conformal symmetry 
and Galilean transformation. A good thing is that this solution is very small in 
high Sobolev norms, too. Somehow, this smallness allows |CHKL14] to show that 
the error in pseudo-Galilean transformation is also small. However, when p > 3, 
the counterexample in |GGT03b]| does not work. Later, Christ, Colliander and Tao 
[ CCT03a ] constructed a different counterexample which works for more general p. 
Unfortunately, this counterexample is not small in high Sobolev norms. It is very large 
instead. In particular, for our purposes, it is hard to control the error from pseudo- 
Galilean transformation. But, our new counterexample still has small high Sobolev 
norm after translating it to its frequency center; this is the term e w ' x in equation 
(15.91) . Using this smallness, we can prove that pseudo-Galilean transformation is 
almost invariant. We also remark that the condition a > j is to guarantee smallness 
of the error (see (15.1 OIL . 

Proof of Lemma Let R{t) = {u — u){t). Then, R[t) satisfies 

id t R + (-A ) a R = p{\u\ p ~ l u - M p ~ 1 u) - (t, v{x - 2at\v\ 2 ^~ 1) v )), 

or equivalently 

R(t) = i J — |fi| p_1 h) (s) 

+ (£0(U ( s> v (x - 2as\v\ 2 ^~ 1) v)) }ds. 
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Hence, by a trivial estimate, we get 

« f ||e i '“(|«|»- 1 u-|fir 1 fi)( S )|| Hl + \£^(s,v)\„ t ds 

Jo 

= f I(s ) + II(s)ds. 

Jo 

First, by (15.7p and (15.5p . we show that 

f II(s)ds< f V W^MW^ds ~ (c|logH c ) 1+2CT -^ 2CT -i (5.10) 
Jo Jo 7=0 

For I(s), expanding u = u + R and then applying Holder inequality and Sobolev 
inequalities, we bound I(s) by 

( 6 . 11 ) 


3 = 1 


For example, when p = 3, 


I(s) ^ 2\\\e iv ' x u\ 2 e iv ' x R\\ H k + \\(e iv - x uf^R\\ H k + 2\\e iv - x u\e iv ' x R\ 2 \\ H k 
+ \\7^{e iv " x R) 2 \\ H k + \\\e iv ' x R\ 2 e iv ' x R\\ H k 
h(s) + h(s) 


= : Ris) 


Consider 

Ii(s)= 2 ||V”‘...V2(|e<”fi| 2 e , "B)( S )||y =: £ M»). 

where a = (cq, a 2 , ■ ■ ■ , cxd) is a multi-index with |a| = Y^=\ a i■ Observe that when¬ 
ever a derivative hits 

e iv - x u(s) = e* s ^l 2<r 0 (l/ ) (s, v(x - 2sa\v\ 2{a ~ l) v )), 

we get a small factor z/. Hence, after distributing derivatives by the Leibniz rule, the 
worst term we have in I\,a{s) is 

\\\e iv - x u(s)\ 2 X7 a e iv - x R(s)\\ L 2, 

which is, by (15.41) . bounded by 

\\e iv ' x u(s) \\ 2 L oo \\X7 a e iv ' x R(s) \l 2 ~ || 


Likewise, we estimate other terms. 
Collecting all, 


e w ' x R(t)\\ H k < (c|logz/| c ) 


l+2a-l u 2a- 


+ 



ds 
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for \t\ ^ c\ \ogv\ c . Then, by the standard nonlinear iteration argument, we prove the 
lemma. □ 

Since we have solutions almost symmetric with respect to the pseudo-Galilean 
transformations, we can make use of the following decoherence lemma to construct 
counterexamples for local well-posedness. 

Lemma 5.5 (Decoherence). Let s < 0. Fix a nonzero Schwartz function w. For 
a, a' e [|, 1], 0 < v < A « 1 and v e R d with |u| 5= 1, we define 

u^’ x ’ v \t,x) := g v (\~fr<l><- a ’ v )( A- 2 CT -,A-V))(t,a;), 

where fj ie solution to (15. ip with initial data aw. Then, we have 


||~(a,^A,«)( 0 ) _ 0 )||h- < C'|n| s A _ ^ r (-) d/2 |a - a' 


and 


-{a,v,\,v)t 


\\u—fit) 

> C |tf A-*(A) J / 2 {i(4><“-y I y - - c\ io gl /| c (i)->|->- 1 } 

for all |f| ^ c| logu\ c \ 2cr . 

Proof. The proof closely follows the proof of Lemma 3.1 in jCCT03aj . 

Proof of Theorem 11.51 The proof is very similar to that of Theorem 1 in [CCT03a] 
except that in the last step, we need to use Lemma [573] due to lack of exact symmetry. 
We give a proof for the readers’ convenience. 

Let e > 0 be a given but arbitrarily small number. Let v = A", where a > 0 is a 
small number to be chosen later. Then, we pick v s such that 

X~^\v\ s {X/n) d/2 = e H = v 1 '- 5 + p Z7 i ) e 1 / s . 

Note that since s < 0, l( fKffig2 + = y(| — as c ) < 0 for sufficiently small a, and 

thus |u| ^ 1. Hence, it follows from Lemma [5.51 that 


□ 


\\u 


(a,is, X,v) 


H s , \\U 


{a! ,v, X,v) 


IT 


(a^A.Dtg) — vf a ’ ' v ' x ’ v ) 


ff s < Ce, 
h* < Ce\a — a'| 


(5.12) 

(5.13) 


and 


(a,is,X,v) i 


(t) - 


—s—k 
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for all \t\ ^ c| log zy| c A 2cr . Now we observe from the explicit formula (j5.2[) for 
and fl£3D that there exists T > 0 such that \^ a,v \T) — ^ a ' ,y \T) \\ L 2 ^ c. Moverover, 
if a > 0 is sufficiently small, C\ logu\ c (^)~ k \v\~ s ~ k —» 0 as v —* 0. Therefore, for v 
small enough, we have 

|-(a,i/ > A,tO( A 2<r r ) _ || H , ^ ce . (5.14) 

Next, we replace i/ a,v,x,v ^ and vS a '’"AU in (6.11), (6.12) and (6.13) by u (“’"AO and 
u (a!,v, x ,v) Lemma 15.31 with 0{v s ) erorr. Then, making |a, — a'| arbitrarily small and 
then sending v —>• 0 (so, A 2cr T —> 0), we complete the proof. □ 
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